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The paper presents a non-probabilistic approach to continuous-time trading where, in analogy to the binomial 
option-pricing model, terminal payoffs resulting from a given trading strategy are meaningful ‘state-by-state’, i.e., 
path-by-path. In particular, we obtain results of the form: “If a certain trading strategy is applied and if the realized 
price trajectory satisfies a certain analytical property, then the terminal payoff is.. .” This way, derivation of the 
Black and Scholes formula and its extensions become an exercise in the analysis of a certain class of real functions. 
While results of the above forms are of great interest if the analytical property in question is believed to be satisfied 
for almost all realized price trajectories (for example, if the price is believed to follow a certain stochastic process 
which has this property with probability I), they are valid regardless of the stochastic process which presumably 
generates the possible price trajectories or the probability assigned to the set of all paths having this analytical 
property. 
trading strategies * Black-Scholes model * left and right integrals * Ito’s lemma (non-probabilistic) * quadratic 
variation 
1. Introduction 
This paper provides a continuous-time analysis of the Black-Scholes model which requires 
no previous knowledge of stochastic processes or Probability Theory. More generally, we 
present a continuous-time trading model where dynamic spanning results are stated pathwise 
(i.e., for each realized price trajectory), without reference to probabilities. Our approach is 
motivated by Fiillmer ( 1981) who derives a non-probabilistic version of Ito’s lemma, and 
it provides an economic interpretation of his pathwise It&calculus. The results will be of 
the form: “If a certain trading strategy is applied, and if it turns out that the realized stock 
price path satisfies.. then the terminal payoff is given by.. . .” For example, we will specify 
a trading strategy whose initial cost is given by the Black-Scholes formula and such that, 
for a given set of possible price trajectories, the terminal payoff coincides with that of a call 
option. This way, computing the initial cost of a duplicating dynamic portfolio becomes an 
exercise in the analysis of certain families of real functions. 
Probabilities may then reappear at a second stage. For example, if we wish to assume 
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that the particular family of functions (price trajectories) studied in the first step will occur 
with some specified positive probability, this is immediately translated to a probabilistic 
statement regarding the trading strategy’s terminal payoff. Of greatest interest is, of course, 
the case where this probability is 1. The formula for the initial investment (derived in the 
non-probabilistic stage!) becomes, under such an assumption, a valuation formula for a 
given random payoff. However, it is important to keep in mind that this ‘second stage’ is 
not a part of the formalism of the paper, which uses only real analysis tools. 
As will be explained later in Section 7, the paper’s results are not a by-product of the 
stochastic integration methodology ‘. Stochastic integrals are typically defined in a non- 
constructive manner; loosely speaking, they are random variables obtained by ‘averaging 
on possible trajectories’. (Note that this procedure requires the existence of an underlying 
probability space.) To illustrate the difference between the two approaches, suppose we are 
told that an investor (in an ‘ideal’ market) traded one given non-paying stock continuously, 
the number of shares depending on the price history of that stock and is given by some 
specified formula. This was financed by lending or borrowing against a bank account with 
zero interest rate and a given initial balance. Suppose we are presented after the fact with 
the complete path of the stock price. Can we write down an expression for the final balance 
in the bank account? In a stochastic integration-based trading model, if the path is of bounded 
variation, this final balance is given by a Riemann-Stieltjes integral. If, however, the realized 
stock price path has unbounded variation (i.e. a ‘typical’ sample path of a diffusion), then 
the above answer is, in general, no longer true. (The Riemann-Stieltjes integral may not 
exist.) In this case, the terminal bank balance is a stochastic integral (a random variable, 
as viewed from the initial time), but this has no path-by-path interpretation, i.e., no value 
is assigned to the above particular path. 
Our approach, on the other hand, offers the intuitively appealing feature that for a given 
action (trading strategy) and a given state ( stock price trajectory), one is able to compute 
the outcome of the action for this state (gains from trade). In our setting, two individuals 
who disagree beforehand on the stock price process (in the above example), will agree 
after the fact on the final bank balance and will be able to compute it from the realized paths 
of the stock price and the strategy. This is achieved for a large class of problems (including 
the Black-Scholes option pricing problem) by relying on a concept of integration that 
corresponds exactly to what we need to model continuous trading: a ‘one-sided’ integral 
which is the path-by-path limit of Riemann-Stieltjes sums. The left integral, for example, 
is defined like the Riemann-Stieltjes integral, except that instead of requiring convergence 
of the approximating sums for any choice of interim points, only left endpoints are consid- 
ered. This weaker requirement will enable us to use pathwise integration in situations where 
the R-S integral does not exist. 
However, we are paying a price for achieving path-by-path meaningfulness: The one- 
sided integral depends, in the settings in which we will need it, on the partition sequence 
along which the approximating sums are computed. Our replication results are thus stated 
with respect to the given trading strategy and the partition sequence. Intuitively, one may 
‘See Harrison and Pliska (1981). Huang (1985) and Duffie ( 1988. Chapter IS) 
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identify partition sequences with brokers, each one of whom has his or her own way of 
implementing continuous-time instructions. The final outcome, viewed as a limiting case 
of discrete-time approximations, depends not only on the instructions but also on the way 
in which they are carried out. This is not an appealing feature, but recall that under the 
traditional approach no outcome at all is assigned to a given path. As we shall see, under 
stochastic processes assumptions ( ‘the second stage’ ), our approach will yield almost the 
same results as the traditional approach, with some subtle differences. 
Recently there has been a renewed interest in the interpretation of continuous-time 
modeling of financial markets. Duffie and Protter ( 1992) prove limiting results in the style 
of Cox, Ross and Rubinstein ( 1989, henceforth CRR) but in a considerably more general 
setting. Like CRR, they view a continuous-time economy as a limiting case of discrete-time 
economies: The discrete-time price process converges, in an appropriate sense, to a contin- 
uous-time price process and the gains from trade converge, in an appropriate sense, to the 
continuous-time counterpart which is a stochastic integral. A related paper by Nelson and 
Ramaswamy ( 1990)) which is motivated by computational considerations, shows that under 
certain conditions diffusion processes are limits of binomial processes. An earlier paper by 
Denny and Suchanek ( 1986) allows an ‘ideal’ continuously-adjusted dynamic portfolio to 
be approximated by discrete-time trades occurring at arbitrary stopping times. The paper 
then provides conditions for ‘robustness’ and ‘stability’ of the financial gains process with 
respect to perturbations of the underlying price process and portfolio strategy. 
Willinger and Taqqu ( 1989) propose another way to view a continuous-time market: 
This is the limit of ‘skeleton approximations’ which is a sequence of discrete-time conomies 
such that, roughly, (i) the time-subscripts set tends to (i.e. becomes dense in) the given 
time interval, (ii) the filtrations (i.e. information sets) tend in a certain respect to the 
continuous-time filtration, and (iii) for almost all elements ( ‘states’) WE R of the proba- 
bility space the discrete-time price processes trajectories converge to the path of the contin- 
uous-time process. In this setting gains from trade (stochastic integrals) are limits ‘w by w’ 
(state-by-state) of their discrete-time counterparts, which is a very appealing property. 
However, missing from their approach to continuous-time are convergence results (appro- 
priately formulated) for strategies constructed path-by-path along the ‘skeleton approxi- 
mations’. Such convergence results have recently been established by He ( 1990) in a 
similar setting, but using the concept of weak convergence rather than pathwise conver- 
gence. In a more recent paper, Eberlein ( 1992) investigates pathwise approximations of 
discrete models, and in particular he proves stability of the financial gains in measure and 
almost surely. 
The current paper differs from previous works in that our methods and results, in analogy 
to CRR, are entirely non-probabilistic and are meaningful path-by-path. The paper unfolds 
as follows: In Section 2 we formulate our continuous-time setting. Trading strategies are 
defined in a non-probabilistic manner and their terminal payoffs are defined pathwise. 
Section 3 shows that our objects of interest, the implied number of bonds and the gain from 
trade, can be expressed as one-sided integrals. Three simple examples where terminals 
payoffs are computed pathwise are given in Section 4. In Section 5 we present the pathwise 
version of the Black-Scholes model, which is derived ‘from scratch’, i.e. without even 
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using the non-probabilistic version of Ito’s lemma. (But of course we use Taylor expansions, 
with the aid of which Ito’s formula is proved.) In Section 6, relying on Follmer results 
which are presented in the Appendix, we present the non-probabilistic version of the well 
known diffusion model where the values of derivative securities are obtained by solving 
Black-Scholes-type partial differential equations. In Section 7 we comment on the relation 
to probability theory and possible extensions. Section 8 is a short summary. 
2. Trading strategies and their associated gains 
Informally, a trading strategy is a set of instructions specifying what to buy or sell at every 
time upon each possible development. Imagine an investor in a multi-period economy who, 
before going on vacation, gives his broker detailed orders. To perform the task, all that the 
‘discount broker’ (who, in our model, works for free) needs to know is (i) what to do 
under each possible scenario, and (ii) what the set of possible scenarios looks like. From 
her point of view, the probabilistic beliefs of the investor (and her own beliefs) are 
irrelevant. Of course, knowledge of the set of all possible scenarios can be expressed, if 
there is need, in terms of the investor’s beliefs by assuming that this set has probability one. 
In what follows, however, we shall not be concerned with probabilities or beliefs, as our 
primary interest is in describing what the outcome is under each possible scenario from a 
certain set. 
With this intuition in mind, let us consider a frictionless financial market which is open 
for trade during the time interval [ 0, T] . To simplify the exposition we will restrict our 
attention to trades that involve only two given non-dividend-paying securities. The first 
security, termed ‘bond’, is taken as the numeraire, so that its price is identically 1 throughout 
the time interval. The second security is termed ‘stock’ and its relative price at time t will 
be denoted S(t) . For any real function X on [ 0, T] , X( t- ) and X( t + ) denote the limits 
(if they exist) of X(U) as u --) t from below and from above, respectively, and 
AX( t) = X(r) -X( f - ) . Let 9 denote the set of all real-valued right-continuous functions 
X with left limits on [0, T] (RCLL functions, for short). It is known ’ that XE~ has at 
most countably many discontinuity points and that sup{ )X(t) ( ; t E [ 0, T] ) < m. The positive 
functions belonging to 9 will be denoted 9 + , and an element of 9+ is interpreted as a 
possible stock price path. In what follows we will also need left-continuous functions with 
right limits (LCRLfunctions, for short) in order to represent portfolio strategies. 
We will restrict our attention to trading strategies where only price information is utilized. 
(At the end of the section we will comment on the more general case.) Like in the earlier 
approach in Financial Economics to continuous-time 3, we identify information at any time 
t with the realized path on [ 0, t] of some vector of state variables, SE 9 + in our case. 
Viewing the set of possible price trajectories as a certain class of real-valued functions on 
[ 0, T] , the notion of a trading strategy as an analytic rather than a probabilistic concept 
‘See Billingsley ( 1968, p. 110). 
‘See, for example, Cox, Ingersoll and Ross ( 1985) 
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seems very natural, and the study of trading strategies and their associated gains from trade 
becomes an exercise in analysis of those functions. 
In this setting, a simple rruding strategy is a pair of functions ( V,, 4)) where 
(i) V, : (0, 00) -+ II2 is a Bore1 measurable function. 
(ii) 4: (0, T] X &3 + * [w is a mapping satisfying the two properties 
(TS.0) For all SE $3 +, +( . ; S) is a LCRL step function. That is, there exists a partition 
(o=7()<T,<T2<~~~ < r,,, = T] (where m and 7; may depend on the path S) such that 
4( .;S) isconstanton (3, T+,],j=O, l,..., m-l.Inthiscase&(.;S):[O,T)-t[Wwill 
denote its RCLL modification, +* (t; S) = $( t + ; S) 
(TS.1) For any tE [O, T) and S,, S,Eg+, 
S,(U) =S*(U) Vu= [O, t] * $*(t; S,) =$*(t; u . 
V,( S( 0) ) is interpreted as the initial investment, i.e., the value of the portfolio at t = 0, 
and it depends only on S(O), the initial stock price. We regard $( t; S) as the number of 
shares of stock held at time t “immediately before the portfolio revision” if S is the stock 
price path in question. Its right-continuous modification & ( . ; S) is then interpreted as the 
number of shares “immediately after the portfolio revision” and in particular 4, (0; S) is 
the initial number of shares. Note that +( 0; S) and & ( T, S), namely the number of shares 
at time 0 before the revision and the number of shares at time T after the revision, need not 
be specified. Property (TS. 1) ensures that only ‘past’ and ‘present’ values [S(u) ; 0 < II < t) 
of the stock price path matter at time t, and no knowledge of ‘future’ values [S(u) ; t < u < T} 
is needed. Property (TS.0) restricts portfolio revisions to times (‘; },To, where rn and 71 
may depend on the path S 4. 
The fact that we started in (ii) with a LCRL function and later considered its right- 
continuous modification is not essential - one can also start with a RCLL function and then 
go in the reverse order. It is a matter of convention which one of these two descriptions is 
to be called ‘the trading strategy’, and in fact the second choice seems to us more appealing, 
as Q& (t; S) may be thought of as “the action to be taken at time t, given the realization 
(S(u) ; u <t}“. Nevertheless we chose the above definition in order to maintain the analogy 
to the stochastic-integration-based literature and not to mask the main difference between 
the two approaches by additional technicalities 5. It also turns out that in our setting approx- 
imating a general LCRL function by LCRL simple functions is somewhat more convenient 
than approximating its RCLL modification by simple RCLL functions ‘. 
In this paper, portfolio revisions are always assumed to be ‘self financing’, i.e., changes 
in the stock holding are financed by buying or selling bonds. The initial number of bonds 
4 This may be regarded as a non-probabilistic analogue of the discrete-time trading in Denny and Suchanek 
(1986). 
’ In a previous version of the paper we expressed the results in terms of the number of shares “immediately 
after the revision”. We called such a specification ‘a portfolio rule’, to distinguish it from ‘a trading strategy’, 
which usually means “immediately before the revision”. More generally, one may replace (TS.0) by the weaker 
requirement hat 4( , S) is a simple function such that at each discontinuity point it is equal to one of the one- 
sided limits. Then its RCLL modification and its LCRL modification would be interpreted as the stock holding 
“immediately after the revision” and the stock holding “immediately before the revision”, respectively. 
6 This point will not be elaborated upon below, but see footnote 10. 
354 A. Bick. W. Willinger/Spanninl: 
is @, (0; S) 3 V,( S( 0) ) - 4, (0; S)S( 0). To calculate the implied number of bonds under 
( V,, qb) at a later time, fix a realized stock price path SE g + and omit occasionally the 
dependence of 4 and { 5) on S for ease of notation. Then the number of bonds which the 
broker has to sell at time 5 (j = 1, 2,. . . , m- 1) in order to comply with the instructions, 
namely“att~[~,~i+l)hold~~(~)sharesofstock”,isS(~)[(b~(~)-~~(~-,)].It 
is easy to see that the total number of bonds $(t) held at time f E (0, T] “immediately 
before the revision” is 
k-l 
j=l 
=@*(O)- t s(q[4*(T,)-4*(7;-_,)]) (2.1) 
j= I 
where k = k(r) = max Cj; q < t) It follows without difficulty that I,!J( . ) also satisfies (TS.0) 
and (TS. 1). We denote i,&(t) 5 $( f + ) for t E [ 0, 7) , whereby t& (0) coincides with the 
previous definition. The value of the portfolio at time TV [ 0, T] is defined by 
V(0; S) = V,,(S(O)) and 
VrE(O, Tl , V(t;S)=lJ(t)++(t)S(t). (2.2) 
This definition of V(r; S) reflects the new stock price at time r, but not yet the portfolio 
revision at that time. However, it is clear from the fact that the strategy is self-financing (or 
from simple algebra) that we can also write 
In particular, V( . ; S) is RCLL. 
It will also be useful to express V in terms of the cumulative gain, which is defined by 
G(0) =0 and, forrE (0, T], 
G(r)= i: ~(~)[S(~)-S(7j-,)l+~(r)[S(r)-S(7k)l 
j=l 
= i dh(7j-l)[S(Q -SC+,)1 +4+(7d[S(r) -S(qJl , 
,=1 
(2.4) 
where k = k( r) is as above. The following relation, which is obtained by simple algebra, is 
the well known self-financing condition 7 in our setting: 
VrE(O, Tl , V(r;S)=~(r)+~(r)S(r)=V,(S(O))+G(r). (2.5) 
Next, a (general) trading strategy is a triple ( Vo, 4, II) where: 
(i) V,: (0, a) + R is a Bore1 measurable function. 
’ See Harrison and Pliska ( 1981) 
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(ii) n=[5-n;n=l,2,...} isapartitio n sequence ’ of [0, T] whose mesh tends to zero 
as n + 00. We denote the partition points of r,, by 0 = T: < T; < 7; < ... < T:(,) = T. The 
reader may ignore this upon first reading, but n-,, is allowed to depend on SE g+ . In this 
case we require that, for all n, r,,, n [0, t] is the same for S,, S, E 93+ whose restrictions on 
[ 0, t] are the same. 
(iii) +:(O,T)X9+-+[Wisamappingsatisfying(TS.I) (asabove)and 
(TS.2) For all SE 9 + , +( . ; S) is LCRL, and +( 0 + ; S) also exists and is finite, so 
that there exists a RCLL modification 4, : [ 0, T) -+ R, C#X+ (t; S) = +( t + ; S) . 
We associate with (V,,, 4, m a sequence {(V,, 4”) ) of simple trading strategies, all 
having the same initial value V,( . ) and where 
f$“(t;s)=+*(r;;S) fortE(rJI, T;+,] ) j=o, . . ..m(n)-1. 
This will be referred to as ‘the nth approximation of (V,, 9, r)’ 9. (Note that while 
@I( .; S) is defined on (0, T], we do not need at this point that +( .; S) is defined at T.) 
We can also describe 4” as 
where k(n, t) =max(j; ~1 <t), so that T$,,,,) is the point which is closest to t in 
rr,?n 10, r). 
The approximation can also be specified in terms of stock holding after the revision: 
In particular we have that $:(O; S) = +,( 0; S) for all n. It will also be useful to denote, 
forfE [O, T), 
[(n, f) GminQ; T,” >f) = 
{ 
k(n’ ‘) + ’ lftP T?l ) 
k(n, f) +2 if tE97,, . 
Thus T;cn,r~ is the point which is closest to I in rr,, f’ (r, T] 
Fix SE 9 + . Since & ( ; S) is RCLL with the same one-sided limits as $( . ; S), 
lim @‘(t; s) = lim 4, ( T&,,fj ; S) = +( I; S) for all t E (0, T) , (2.6) 
II - 0 ,I - = 
Thus for the sequence of simple strategies ( ( V,, 4”) ), we interpret +( t; S) as the limiting 
number of shares at time t, immediately before the revision, provided that the path S occurred. 
We also interpret +,( t; S), for TV [ 0, T), as the limiting number of shares at time t, 
* A partition sequence of [ 0, T] is a sequence (0, T) = q, c r, c r, c .. of finite subsets of [ 0, T] The mesh 
ofapartition (O=T”<T, <..,<T,,,=T) ismax{?+, -T;j=O, I,...,m-I]. 
‘) Observe that $J* (7;‘; S) may depend on the whole path (S(u); u < 7;’ ) of S up to time 7;1 and not only on the 
discrete set {S(T:~); i<j]. This is the case, for example, if &+(t; S) =sup(S(u); u E [0, t] ). That is, the discrete 
action is based on continuous observation. 
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immediately after the revision. This is in accordance with (2.7) and the fact that in the nth 
approximation +,( 7; ; S) is the number of shares “after the revision” over [ ~7, T;+ ,), 
where 1= I( n, t) lo. 
The number of bonds (immediately before the revision) and the cumulative gain at time 
t E (0, T] under the nth approximation are, respectively, 
rCr”(t;S)=@*(O;S)- i s(T~)[~‘;;(7;;s)--~(T~-,;s)] 
j=l 
(2.8) 
J=I 
and 
G”(t; S) = 6 qY( T;;S)[S(T;')--S(T;_,)]+C$~(~;S)[S(~)-S(T;I)] 
,=I 
= c ~,(T~-,;S)[S(T;1)-s(~;1_,)]+~yc(T;1;S)[S(t)-s(T;1)], 
j=l 
(2.9) 
where k=k(n, t) and 
Icl*(O; S) = V,,(S(O)) -$*(O; S)S(O) (2.10) 
Note that $‘I and G” (and their limits below) also depend on the partition sequence D, 
but this is suppressed in the notation when no ambiguity arises. We will say that the trading 
strategy ( Vo, 4, IQ conuerges for S if: 
(a) f&T-; S) -lim,,.&t; S) exists and is finite. In other words, & .; S) can be 
extended to a LCRL function on (0, T] by +( T; S) = & T- ; S) ’ ‘. 
(bl) $(t; S) =/im,,,, t,!f(t; S) exists and is finite for all t E (0, T] . 
(b2) I,!I( ; S) has finite one-sided limits at each t E [ 0, T] , and $( 0 + ; S) is equal to the 
right-hand side of (2.10). 
(b3) Furthermore, I,!I( . ; S) is LCRL. 
(b4) Vtc (0, T), 
~*(r;s)-9(t;S)=-s(t)[~*(t;S)--(f;S)l 1 
where~*(1;S)rlCl(r+;S). 
(2.11) 
Condition (a) says that 4( T, S) can now be interpreted as the limiting number of shares 
at time T (before any revision), and (2.6) clearly holds now for t = T. Conditions (bl)- 
(b3) enable us to interpret I,!J( t; S) and $,( t; S) as the limiting number of bonds at time t 
“immediately before the revision” and “immediately after the revision”, respectively, 
“I Note, however, that it is not correct in general that C#J; (r; S) --) $* (t: S) as n * 3~. More specifically, it is not 
difficult to see that this property is satisfied if t E U ,, q,, but otherwise c$$ ( t; S) + bb( t;S). 
” The fact that this condition is included in the definition of ‘convergence’ and not in the definition of ‘a 
trading strategy’ is, of course, only a matter of terminology. We believe that this way is more convenient. 
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provided that the path S occurs. Condition (b4) says that the ‘local self-financing condition’ 
(2.3) also holds in the limit. In particular +( ; S) and $( . ; S) have the same discontinuity 
points. Note that in (2.11) 9 is not uniquely determined by S and 4 (consider the case 
when $( . ; S) is continuous), and this is why assumption (bl ) was needed. 
Condition (b4) is equivalent to 
lim +“(6;,,.,,+ I 1 = cCr*(t) (2.12) 
,I * r 
The equivalence follows from (with I= I( n, t), k = k( n, f) and with S suppressed in the 
notation) I2 
V(C+, - 1 V(l) -S(t)[4’;;(t) -dG(7;r)l -S(T;‘)[4’;,(7;1) -4$(t)] 
=9”(f) -%6)4*(C) +S(f)@*(T;) - [S(t) -S(T;1)14~(f) 
z cMf) -s(f)4*(f) +s(t)4(1) 
It is not difficult to see that if ( Vo, 4) is a simple trading strategy and L’is an arbitrary 
partition sequence whose mesh tends to zero, then (V,,, 4, rr) converges for arbitrary S, 
and then 9 from (bl ) is as in (2.1). However, in general “convergence for S” is with 
respect o a given partition sequence n, and we do not require that this holds for all partition 
sequences whose mesh tends to zero. The underlying intuition is that the investor chooses 
not only his ‘ideal’ stock holding but also how to approximate it by discrete portfolio 
revisions. The technical motivation, as it will become evident in the sequel, is that requiring 
convergence for every partition sequences whose mesh tends to zero is too restrictive for 
our purposes. Thus IJI should be included in the notation, but this is suppressed when no 
ambiguity arises. 
The limiting cumulative gain and the limiting portfolio value at time IE [O, T] are 
naturally defined by 
G( t; S) = lim G”( f; S) , V( t; S) = lim V”( t; S) . (2.13) 
, 1 + Y. II - x 
The above convergence conditions can now be expressed in terms of G or V. Fix SE .9 +, 
and assume that (a) holds, so that lim,, _T. @‘(f; S) exists for tE (0, T] It follows from 
(2.5) (applied to the nth approximation) that the three limits $( t; S), G( t; S) and V( t; 5’) 
exist and are finite if and only if one of them exists and is finite, and in this case 
V(t;S)=~(r;S)+~(t;S)S(t)=Vo(S(0))+G(t;S). (2.14) 
Now assuming (a) and (bl ), namely that the limits exist, condition (b2) is clearly 
equivalent to: 
(b2) ’ V( ; S) has finite one-sided limits at each t E [ 0, T] , and V( 0 + ; S) = V,,( S( 0) ) . 
If this is the case, namely under (a), (bl ) and (b2), we obtain that 
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which means that condition (b3) is equivalent to the intuitive property: 
(b3)’ VIE (0, T] , V(t;S)-V(t-;S)=~(t;S)[S(t)-S(t-)], 
and in particular V( . ; S) is discontinuous at the points t where S( . ) is discontinuous and 
$( t; S) # 0. It is also clear that under (a), (b 1) and (b2), condition (b4) is equivalent to 
(b4) ’ V( * ; S) is RCLL. 
Of course, conditions (b2) ‘-( b4) ’ can also be stated in terms of G. 
Before continuing, let us point out that while we have restricted our discussion to a rather 
simple setting, this can clearly be repeated in vector notation to include the case in which a 
finite number of securities are traded. We may also modify the definitions to allow the stock 
holdings to depend on the path X E 9 ’ of d < m state variables (such as economic indica- 
tors) 
3. Left and right integrals 
In the setting from the previous section, we will use the notation 
WI(n) 
=lim C s(7JnA\)[~*(7jnAt;S)-~*(71n_,At;S)] 
,I + 02 j=l 
k( n.r) 
= lim c S(rT) t+*(r;; S) -4*($-l; S)] 
‘1 + cc j=l 
-tS(f)[$*(C 9 -4*(~;1(n,,,; S)l 
> 
k(n.r) 
=lim C S(7;l)[~y:(~~;S)-_*(711_,;S)] 
?I’= j=, 
+s(~)[~*(~;S)-~(~;S)l > (3.1) 
where a A b = min( a, b) , and we use the convention 4, (T, S) = +( T; S) 13. This expression 
may be called the right integral of S with respect o 4 and the partition sequence n. (Again, 
” Our definition of a trading strategy did not allow for a revision at time T. If such a revision is allowed, then 
the new number of shares C#J, ( T; S), which may be different from &( T; S), is the one to be used in (3.1) 
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the dependence on IIis omitted in the notation when no ambiguity arises.) This integral is 
equal to the Riemann-Stiehjes integral &S(u) d& (u; S) (i.e. \;S( u) dg( u), where 
g( . ) = C#J* ( . ; S) ) if the latter exists, but it may exist even if the R-S integral does not exist: 
First, we require convergence only for a particular partition sequence, and second, in the 
summation in (3.1) S( . ) is evaluated at the right hand endpoint of [ T;- , , T;] , not at an 
arbitrary interim point - this is all that we need for our purposes. 
Comparing (3.1) to (2.8) entails that for a given path S and for any t E (0, T] , the 
integral J&S( u + ) d& (u; S) exists and is finite if and only if I,!J( t; S) = lim, __ I,!P( t; S) 
exists and is finite, and in this case 
cCl(t; S) = @*(O; S) - 
I 
‘S(u+)d~,(u;S)+S(t)[~,(t;S)-~(t;S)l .(3.2) 
0 
The meaning of this equation is clear: The third term is a correction due to the fact that 
I&S(u+) @*(K S) P re resents the total number of bonds sold over the time interval 
[ 0, t] , while $( t; S) by definition does not reflect the revision at time 1. 
Similarly we can define 
I 
: $,(u-; S) dS(u) 
-1im C &(7jn_, At;S)[S(7;At)-S(7;-1 At)] 
n+=j=, 
=,!Fm_ i: ~*(7J1~,;s),s(7:)--(7Jl_I)l +ol*(?;;S)IS(r)-S(?;)l} 
{ j=l 
ktl 
=lim c ~*(T~_,;~)[~(T~)-~(T~~,)], (3.3) 
“+“J=, 
where k= k(n, t) is as above. (The last equality follows from the right continuity of S.) 
This expression may be called the left integral of 4, with respect to S and the partition 
sequence n, where now the ‘interim points’ in the Riemann sums are taken on the left 14. 
It follows from (2.9), (2.13) and (3.3) that we can write 
G( t; S) = 
I 
,; 4,(u- ; 8 dS(u) > (3.4) 
and the right-hand equality in (2.14) becomes (in light of (2. lo), (3.2) and (3.4) ) 
I 
,: &(u-; S) dS(u) 
=@*(t; S)S(t) - 4*(0; S)S(O) - 
I 
‘S(u+) d&(u; S) . (3.5) 
0 
I4 An elementary example where the left and right integrals are different: Letf: [ 0, 21 + R be 1 on [ 1,2] and 
Ootherwise.Take~;=j.2~“,j=O ,.._, 2”+‘. Then it is easy to check that jif(u + ) df( u) = 1, whereas jif( u- ) 
df(u) =O. 
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In other words, the self-financing condition translates into an integration-by-parts relation 15. 
Right and left integrals are rarely encountered in the Mathematical Analysis literature, 
and it is always required, to best of our knowledge, that convergence holds for every partition 
sequence whose mesh tends to zero. In this case they are termed ‘right (or left) Cauchy- 
Stieltjes integrals’. These integrals are reviewed briefly in Hildebrandt ( 1963, p. 87)) and 
more details can be found in Price ( 1943)) &hat-f ( 1943) and Deniston ( 1949). (See also 
Dellacherie and Meyer ( 1982, p. 310).) None of these references is needed in order to 
understand the current paper. It should also be mentioned that, unlike many of the results 
in these references, we do not require bounded variation of the integrand or the integrator. 
4. Examples 
Before applying our concepts to particular instances, we introduce the following notation 
for use here and in the subsequent sections: For a given partition sequence 17 of [ 0, T] 
whose mesh tends to zero, let @(II) and @ + (n) denote the set of functions in 9 and 9 + , 
respectively, with bounded quadratic variation with respect o IZ (see Appendix for details). 
For any a> 0, let g:,,( rr) be the set of all real-valued continuous functions S on [ 0, T] of 
theformS(t)=expY(t),where Y=b(lJI) and [Y, Y],=Y’(O)+a’tforeacht~[O, T]. 
(For a definition of [Y, Y], see Appendix.) This implies that [S, S],= S*(O) + 
a’]hS*( U) du. (Apply (A.7) with f= 1.) Although Q’+ (Ii!) and Z,,( rr) should just be 
considered as examples of certain subsets of 3 +, the motivation for looking at sets of the 
form g’,( fl) is likely to be obvious to the reader: Elements of gj,( IT) represent ‘typical’ 
paths of a geometric Brownian motion. However, the formal development below entirely 
ignores this connection. 
In each of the following examples we calculate the value of the portfolio resulting from 
a certain trading strategy, provided that the realized stock price S satisfies certain properties. 
(The straightforward task of verifying that the convergence conditions are satisfied is left 
to the reader.) In Example 1 the number of shares depends only on the time variable, and 
in the Example 3 it depends only on the ‘current’ stock price. (It can be shown that these 
examples are special cases of more general results in Section 6, but we find it instructive to 
illustrate our approach by direct computations of the aforementioned limits.) In Example 2 
the number of shares depends on the whole price history. We will also demonstrate, in 
Example 3, that the portfolio’s value may be represented by a left integral but not by a 
Riemann-Stieltjes integral. In Examples 1 and 2, on the other hand, we will be able to use 
the ordinary R-S integral, as the number of shares will have bounded variation. In this case 
our approach is identical to the traditional one, except that we do not start with a probabilistic 
structure. 
In all three cases nis a given arbitrary partition sequence whose mesh tends to zero. The 
I5 A similar relation for forward strategies (in a probabilistic context) is implicit in the proof of the proposition 
(p. 156 and footnote 2) in Bick (1988). 
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stock holding $( . ; S) will be continuous, hence we will not distinguish between 4 and 4* 
or $ and +*. 
Example 1. Consider a trading strategy ( V,, 4, II) with arbitrary V, where 4( t; S) = g( t) 
for some continuous function g : [ 0, T] + R of bounded variation independent of the realized 
stock price path S. It follows from (2.8) that, for the nth approximation simple trading 
strategy, the number of bonds at time t immediately before the revision is 
k( n.1) 
V(t;S)=rCI(O;S)- c s(T;)[g(T;)-g(+,)], 
,=I 
where~(0;S)=V,(S(O))-g(O)S(O).Thelimitasn~~ofthesumsin(4.1)existsnow 
as a Riemann-Stieltjes integral for any SE _G? + 16. This integral is continuous (as a function 
of the upper limit t) and of bounded variation “, and (3.2) becomes 
@Cl(C S) = t/+(0; S) - I ‘S(u) dg(u) > 0 (4.2) 
which does not depend on the partition sequence. The portfolio’s value at time t is 
$(t; S) +g(t)S(t), or alternatively, it is equal to V,,(S(O)) +jbg(u) dS(u), where again 
the integral is of the R-S type. 
For example, if V,, = T.S( 0) and g(t) = T- t, we have I/J( t; S) = /{,S( u) du, where now 
the integral is the ordinary Riemann integral, and the portfolio’s value at time T is 
V( T; S) = liS( u) du. Such payoffs are discussed in Kemna and Vorst ( 1990), in a tradi- 
tional diffusion setting. In contrast, our approach has nothing to do with probabilities: As 
long as the realized stock price path is an element of B + , regardless of the stochastic process 
which is believed to generate this path, applying the above trading strategy scaled by 1 lT 
will give at time T a payoff equal to the average of the stock price over the trading interval. 
Example 2. Consider a trading strategy ( V,, 4, r;r) where V,, = T and 4: (0, T) x 9 + + R 
is defined as follows: 4( I; S) = j;S - ‘(u) d ZA whenever this Riemann integral is finite, 
4( t; S) = 0 otherwise. (The first part is obtained by reversing the roles of the stock and the 
bond in the special case in end of Example 1.) Note that, under the nth approximation, the 
number of shares @ at time t E ( ~;1, T;+ , ] is /$S -‘(IA) du (when this is finite), which 
depends on the whole continuous-time price history. Fix SE s+ which is bounded away 
‘hInotherwords,thelimitof~S(5;‘)[g(T;1)-g(~;1_,)] exists (and is the same) for any choice of the partition 
sequence 17 and of 5; E [T;- , , T,Y]. The existence of the R-S integral follows from a well-known theorem of 
Young - see, e.g., Mukherjea and Pothoven ( 1978, p. 150) or Burhill and Knudsen ( 1969, Theorem 14-10). To 
apply this result one needs the facts that (i) a RCLL function on a closed interval is bounded and has at most a 
countable number of discontinuities (see footnote 2), and (ii) a continuous function of bounded variation can be 
written as the difference of two continuous non-decreasing functions. If g( ) is not assumed to be continuous, 
the R-S integral r;S( U) dg( u) still exists for every continuous S. 
” See, e.g., Burhill and Knudsen (1969, Section 14-15). 
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from 0 I*, and thus +( . ; S) can be extended to an increasing continuous function on [ 0, 
T] . The integral in (3.1) is now a Riemann-Stieltjes integral 19, and it is equal to ” 
’ du= 
I 
ldu=t. 
0 
(4.3) 
We obtain from (3.2) that the number of bonds at time t is T-t and in particular the 
portfolio value at time T is S( T) j i S ~ ’ (u) du. 
Example 3. Consider the trading strategy ( Vo, 4, I;r) where V, = 0 and $( t; S) = [In S(t) ] / 
S(t) , 0 < t < T. Suppose SE 9 + is continuous and has bounded quadratic variation with 
respect to II”. Then the portfolio’s value at time t if S occurs is 
I i&u-:S)dj.(,)=; Y*(t)-[Y,Yl,+ 1 Y(u) d[Y, Yl, 1 > (4.4) [WI 
where Y(t) = In S(t) . For example, if S E Z’J rr) for some a> 0, then the portfolio’s value 
at time t is 
Y*(t)-Y*(o)-&+t2 J;Y(u)du}. (4.5) 
The proof combines a trick from the direct computation of a certain stochastic integral 22 
(modified here to our non-probabilistic setting) with elements of the proof in Follmer 
( 198 1) . In this case the last summation in (3.3) is equal to 
j$ y(~~)e~yc7;)[eY(7;+I)-ey(~)] = i y(Tr)[ey(7;+1)-y(T;)-_l] , 
,=o 
(4.6) 
where k = k( n, t) E maxIj; 7; < t]. By the Taylor formula eX - 1 =x + fx’ + T(X), where 
r(x)=ie5x3 for some SE [0, x] (or ~E[x, 01); hence ]r(x)] <q( [x1)x2, where 
q(u) = i . e”. u. We will use the facts that q is increasing for u > 0 and that q(u) + 0 as 
u + 0. Let us apply this expansion to write the expression in the square brackets on the 
right-hand side of (4.6) as 
]Y(r;+l )-Y(7~)]+f[Y(7~+l)-Y(T~)]*+r(Y(T~+,)-Y(T:)). (4.7) 
Substituting (4.7) in (4.6) we obtain three summations. The first one is, by simple algebra, 
‘a That is, it has a positive lower bound. It is not difficult to show that this is equivalent to assuming that all the 
left limits of S are strictly positive. 
I9 See footnote 16. 
” To formally justify the ‘obvious’ first equality, see Haaser and Sullivan ( 197 1, Proposition 2.10, p. 255). 
Alternatively, show that the nth ‘right-hand’ Riemann sum (the ( J-bracketed expression in (3. I )) can be written 
in this case as /&S( r;(,,,) + , A t) S - ’ (u) du, verify that the integrand tends to 1 as n + M, and apply the dominated 
convergence theorem. 
*I Continuity is not essential, and is assumed here only for the sake of simplicity. See Section 6 and Fiillmer 
(1981). 
” See Doob (1953, p. 443). 
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i: Y(7Jn)[Y(T;+,)-Y(7;)] 
j=O 
=& 
-t 
rq7;+,>-Y2(0)- t [Y(T;+,)-Y(T;)12 
,=0 > 
(4.8) 
and it converges to f ( Y2( t) - [ Y, Y] ,) as y1+ m by definition of [ Y, YJ f. The second 
summation iCJ=,Y(r,“)[Y(r,“+,) -Y(T:)]~ tends to i]to,rl Y(U) d[Y, Y], by (AS) in 
the Appendix. Finally, for the third summation we have 
2 y(qdY(T,“+I) -Y(q) 
j=O 
max ]Y($+r)-Y(r:)] 
O<j<k 
i [Y(rJn+r)-Y(TJ1)12 
j = 0 
and by continuity of Y this tends to zero as n + X. Thus the limit of the left-hand side in 
(4.6) exists and is equal to the right-hand side of (4.4). 
It is noteworthy that this example also demonstrates that even in cases where S( . ) and 
$( . : S) are continuous, the gain h+( u - ; S) dS( u) need not be equal to k+( u + ; S) 
dS( u), and in particular it cannot be represented in general by a Riemann-Stieltjes integral. 
Indeed, taking in our case t= T for simplicity and repeating the above calculations for 
Wr;; S)[S(r;)-S(+r)] gives23 
; S) d.!?(u) 
=; Y2(T) -2Y2(0) + [Y, Y]r- 
I 
Y(u) d]Y, Yl, . 
> 
(4.9) 
[O,Tl 
Note that the above continuous-time trading strategy did not depend on the time variable 
directly, and thus only a one-variable Taylor expansion was needed. In the next example 
we will need a two-variable expansion. 
5. Pathwise Black-&holes ‘from scratch’ 
“Explaining the (Black-Scholes) valuation formula has become a minor industry”, note 
Harrison and Pliska ( 1981). In this section we manufacture an additional proof, with the 
following attraction: Probability Theory is not needed! Of course, our intention is not to 
prove the Black-Scholes formula to a reader with minimal probabilistic knowledge but, 
23 Now insteadof (4.8) use the identity E;‘L,y,(?/, -y,_,) =$(yf,-yi +C;‘L,(y, -Y,-~)*) 
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rather, to point out its pathwise nature: In our setting, whether the well-known dynamic 
strategy duplicates or does not duplicate a call option depends entirely on the path. 
Another objective of this section is to provide an example where the terminal portfolio 
value is calculated with the aid of a right integral as in (3.2) (i.e., a limit of summations as 
in (2.8) ) which is not a Riemann-Stieltjes integral. The proof is ‘from scratch’ in the sense 
that we go down to the Taylor expansion level. To do that, we take the number-of-shares 4 
and the number-of-bonds $ which are known from previous works (and from the next 
section), and we prove that in our setting 1+5 is indeed the number of bonds associated with 
4. The fact that the explicit forms of C$ and $ are taken here ‘of the cuff’ is not entirely 
satisfactory from a pedagogical point of view, and this can be improved (and generalized) 
by working with general C$ and $= V- S$ 24. This will not be done here, however, as the 
same results will be obtained from the left-integral-based treatment in the next section. 
For?!E[W,letN(y)EI’,exp(-tX2)dhl~,anddenoteN(-x)=O,N(co)=1.For 
fixed a, K > 0, let 
F(t, X) =xN(d,) -KN(d,) for TV [0, T) andx>O, 
where 
In addition define F( T, x) = max(x - K, 0)) so that F( , x) is continuous on [ 0, T] . We 
will also need the easy fact that for i = 1, 2 and S : [ 0, T] --f [w which is continuous at T, 
limd,(t, s(t)) =,‘im (ln(S(t)lK)lfi) = JI i’fzE;i z:: (5.1) 
r+r 
The case S(T) = K will be discussed separately in a remark at the end of the section. 
In what follows II is a given arbitrary partition sequence whose mesh tends to zero and 
the quadratic variation and the trading strategy are with respect to Lf. Recall that if a stock 
price path S( ) belongs to g,,=E’,(IT) this means, loosely speaking, that for ‘close’ 
partition points t and t + At > t we have 
[S(t+At)-S(t)12=f12S2(t)At. 
(See the beginning of Section 4.) 
Proposition 1. Consider the trading strategy (V,, 4, n) where the initial incestment is 
V,,( S( 0) ) = F( 0, S( 0) ) and the number ofshares held at time t E (0, T) is 4( t; S) = N( d, (t, 
S(t) ) ) . Then, whenever a path SE gc such that S( T) # K occurs, the number of bonds held 
at time t < T is - KN( d2( t, S(t) ) ) and the calue of the portfolio is therefore 25 
24 The problem to be solved is as follows: Find conditions on 4 and V that will enable one to repeat the same 
analysis as in the proof of Proposition 1. That is, the Ax-coefficient should be zero, the Ar-summation and the 
( Ax)*-summation have to cancel one another in the limit, and the desired payoff is obtained at time T. 
z The textbook form of the B-S formula, where the instantaneous interest rate is assumed to be a constant r 
(i.e., the bond price at time f is em r’rm’)) is obtained from (5.2) by substituting S(r) =5’*(r) ‘ercrm” and 
F(t, S(f)) =F*(r,S*(f)) ,e’(rmfl, where S* and F * are the non-normalized prices. 
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S(f)N(d,(& s(t))> -KN(d,(f, S(t))) =F(c S(f)) (5.2) 
The rdue ofthe porffolio at time T is, in this case, F( T, S(T) ) = max( 0, S( T) - K) 
Proof. Fix SE ZV. We will compute the implied number of bonds by taking the limit of the 
expression in (2.8). The initial number of bonds is clearly - KN( d2( 0, S( 0) ) ), and thus 
we need to show that for t’ E (0, T] , 
-KN(d,(O, S(O)))- lim 2 S($‘)[N(d,(Ty, S(T~))) 
n-mj=, 
= -KN(d,(t’, S(f))) 
-N(d,($,, S($-,)))I 
where k=k(n, t’) =maxCj; T(; <r’). Using the continuity of N(d,(t, S(t))) in tE [0, T], 
it is easy to see that this is equivalent to 
-K[N(d2(7;, S($))) -N(d,(+,, S($,)))] 
I- 
=O. (5.3) 
To prove this, we employ the two-variable Taylor formula, applied both to N( d, ) and to 
N( d2), to expand, for t < T 26, 
x[N(d,(f, x)) -N(d,(t-At, x-h))1 
-K[N(d,(t,x)) -N(d,(t-A&x-Ax))] 
= -;xN’(d,(t,x))(~(T-r)-“2At+Ob 
+L(t, ~)(At)~+O.dtAx+H(r, x)(Ax)‘+xR, -KR2 (5.4) 
where 
L is a continuous function obtained by collecting the coefficients of ( At)2 and R, and R, 
are the remainders in the two Taylor expansions. Now let us use this for thejth term in the 
summation in (5.3), with t=rJ’, At=r; -T;‘_,, x=S($), x-Ax=S($_,). (Note that 
r;r’ <T even for t’ = T.) This summation can now be broken into separate terms, and the 
terms with (At) 2, R, and R, vanish in the limit. The argument for R, and R, is analogous 
to the one in Example 3, and for the (At) 2-terms this follows from 
26 To collect similar terms. use the following relations which are straightforward from the definitions. 
t- and x-subscripts denote partial derivatives: rN’(d,(r, x)) =KN’(d,(t, x)), (d,),=(d,),, (d,),=(d,), 
-fcT(T-t)-“*. 
366 
.cL(71n,s(7Jn))(7r--~_,)-o. L(u, S(u)) du. 
i n--t= 
(5.5) 
The term with (Ax)’ gives (see properties (I) and (II) in the Appendix) 
i H(r;, S(T;))[S(T;) -S(T;_,)]* 
j=l 
- I’ H(u, S(u)) .u*S*(u) du 
,1’S 0 
S(u)))(T-u)-“2S(u) du. (5.6) 
Clearly the same expression, only with a negative sign, is obtained from the summation and 
limit of the At-terms. This gives (5.3). 
Caution is required when the upper limit is t’ = T. First note that in the two cases in (5.1) 
+( T, S) can be defined as 0 and 1, respectively, so that the convergence condition (a) is 
satisfied. Second, if S(T) #K, we have that 
limN’(d,(u, S(u)))(T-u)-“*=O. (5.7) 
UtT 
This is because, roughly speaking, this limit is the same as lim,,,, exp( - y*) ‘y = 0. This 
means that one can view H( u, S(u) ) as a continuous function of u over the whole closed 
interval [0, T] , so that (5.6) with t’ = T can be justified. A similar argument shows that 
L( u, S(u) ) can be regarded as continuous in u E [ 0, T] (we omit the details here), so that 
the argument that its associated terms in (5.4) vanish in the limit remains valid. It is now 
straightforward to verify that all the other convergence conditions are satisfied. 0 
To sum up: For given u, K> 0 there exists a trading strategy whose initial cost is given 
by the Black-Scholes formula and such that, if the realized stock price turns out to be an 
element of 8, such that S(T) f K, then the terminal value is like the one of a K-call option. 
Remark. We believe that the Proposition is not correct if S(T) = K. This is because the 
limit in (5.1) may not exist in this case, which clearly means that the behavior of the trading 
strategy at T does not comply with the convergence conditions. This limit can be written, 
with Y(t) -ln(S(t)), as lim,,, ( [Y(t) - Y(T)] /afi). We will not provide a formal 
analysis, which is not an easy matter if only Real Analysis tools are to be employed. The 
analogous probabilistic result, the iterated logarithm theorem 27, suggests that for a ‘typical’ 
SE gV the lim sup is 33 and the lim inf is - 00. 
” See Freedman ( 1983, Corollary ( 107), p. 68) or Durrett ( 1984, Example 1, p. 15) where in Durrett the lim- 
inf is calculated by symmetry. 
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6. Path-by-path dynamic spanning: general results 
The above examples demonstrated the nature of the results in which we are interested. In 
this section we calculate the portfolio’s value for general trading strategies which depend 
only on the ‘current’ time and stock price in a suitably smooth fashion. This is obtained by 
utilizing FGllmer’s non-probabilistic ItG’s calculus (see Appendix) to calculate a left integral 
representing the gain from trade. In what follows n is a given arbitrary partition sequence 
whose mesh tends to zero P , 4 + = d, (I7) etc. as in the beginning of Section 4. 
Proposition 2. Suppose F: [ 0, T] X (0, x + R is twice continuously differentiable (i.e., ) 
of class %‘*) on [0, T) X (0, m), and F( . , x) is continuous at Tfor all x *‘. (The notation 
for partial deriuatiues and their limits will be as in the Theorem in the Appendix.) Consider 
the trading strategy with initial incestment V,, = 0 and where the number of shares “imme- 
diately after the revision” is 6% (t; S) = F, (t, S(t) ) . (That is, “immediately before the 
reuision” this is c$( t; S) = F,( t - , S( t - ) ) .) If it turns out that the realized path S of the 
stockpriceisamemberof6+andF(T-,S(T-)),F,(T-,S(T-)),F,,(T-,S(T-)), 
F,( T-, S( T- )), F,,( T-, S( T- )) and F,,( T-, S( T- )) exist and are finite, then the 
trading strategy concerges for S, and the value of the corresponding portfolio at any time 
r<Tis 
S(u-))dS(u) 
=F(T,S(T))-F(O,S(O))- 
I 
rF,(u, S(u)) du 
0 
- C {F(u, S(u))-F(u-, S(u-)) -E’,(u-, S(u-))AS(u) 
LIGT 
-1F,,(u-,S(u-))[AS(u)l*J. (6.1) 
Proof. The fact that the value of the portfolio is given by the left integral on the LHS follows 
from the discussion in Sections 2 and 3. The existence of this integral and the equality 
follow from the Theorem in the Appendix. The Corollary in the Appendix ensures that the 
convergence conditions are satisfied. 0 
Next, let us write the non-probabilistic version of the case where the value of a derivative 
security is calculated by solving a partial differential equation with a boundary condition. 
The trading strategy is as in Merton ( 1977) *‘, except that in our setting the interest rate is 
zero, as the bond serves as the numeraire. 
2X The remark after the Theorem in the Appendix also applies here. 
29 See also Duffie ( 1988. Section 22F) or Bick ( 1988, p. 158). 
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Proposition 3. Suppose p : [ 0, T] X (0, 00 ) + [w is a continuous function and let 
&p=@i’p(n>= 
{ 
SE&+; [S, S], 
=S’(O) + ,: P’(u, S(u)) du Vt 
I > 
. (6.2) 
Suppose F: [ 0, T] X (0, x) + iw is suitably smooth as in the precious proposition. With the 
same notation, assume that it satisfies 
F,(t, x) + ;p2(t, x)F,,(t, x) =0 (6.3) 
Consider the trading strategy where the initial incestment is V,(S(O)) = F(0, S(0)) 
and the number of shares of stock at time t “immediately after the recision” is 
&( t; S) = F,( t, S(t) ). lfit turns out that the realizedpath S is a member of &?a and F( T- , 
S(T-)),F.,(T-,S(T-)),F,,(T-,S(T-)),F,(T-,S(T-)),F,,(T-,S(T-))and 
F,,( T_, S( TP ) ) exist and are finite, then the trading strategy concergesfor S and the r>alue 
of the corresponding portfolio at any time r< T is F( T, S( r) ). 
Proof. Note that elements of @‘B are necessarily continuous, by virtue of (A.4) in the 
Appendix. For SE k’,, (6.1) becomes, after rearrangement, 
F(T, S(T)) =F(O, S(0)) + TFI(u-, S(u-)) dS(u) , (6.4) 
as all the other terms vanish because of (6.3) and the continuity of S. (See (A.6) in the 
Appendix.) The fact that the right-hand side of (6.4) is the value of the corresponding 
portfolio at time r follows from the discussion in Sections 2 and 3. Verifying that the 
convergence conditions are satisfied is the same as in the previous proposition. 0 
Another proof for Proposition 1 (Pathwise Black-Scholes). This result follows from the 
previous proposition with p( t, x) = ox. The function F( t, x) from Proposition 1 satisfies 
F, + $o’x2F, = 0 and F( T, x) = max( 0, x - K) . Checking the conditions at time T is the 
same as in Section 5 (and the same remark applies here). [II 
Note that in the direct proof in Section 5 we calculated the right integral j{,S( u + ) 
d& (cc; S), whereas here the proof of the B-S formula is based on the Theorem in the 
Appendix where the left integral ji,&.( u - ; S) dS( u) is calculated. (3.5) gives the relation 
between these two integrals. 
7. The relation to probabilistic models 
While our analysis did not require a probabilistic setting, let us comment on its relation to 
the probabilistic trading models. For concreteness, let us focus on the original Black-Scholes 
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model, where the stock price is a geometric Brownian motion so. As is well-known 3’, if 
Y = ( Y,) is a standard Brownian motion, and if II is an arbitrary partition sequence whose 
mesh tends to zero, then almost all paths of Y have quadratic variation I on [ 0, t] (The set 
of measure zero on which this does not hold depends on 17.) For a geometric Brownian 
motion, namely a process of the form S, = S,, . exp( (II. - 4 u’) r + aY,) where S, > 0, p and 
CJ are constants, this means (with notation as in the beginning of Section 4) that the 
realization S( . ) is almost surely a member of 8r (Also S( r) #K almost surely, for a 
given constant K.) It follows that the strategy from Section 5, whose initial cost is given by 
the Black-Scholes formula (5.2), will produce the payoff (S,- K) + with probability 1. 
This is why the formula may be regarded as the initial value of this payoff. 
Thus this paper views the Black-Scholes model as a two-step exercise: In step I, which 
is non-probabilistic, the stated strategy’s payoff is computed for certain price trajectories. 
In step 2, a stochastic process is postulated for the stock price such that the set of trajectories 
from step 1 has probability 1, and hence the above payoff is obtained with probability 1. 
(The complement set of measure 0, it should be noted again, depends on 17. For another 
partition sequence, the set of measure zero may be different, but it is still true that the desired 
payoff is obtained with probability 1.) 
We emphasize that the result in step 1 (namely Proposition 1) is nof a corollary of the 
analogous stochastic-calculus-based result. The latter can be interpreted pathwise almost 
surely only for a subsequence of a given partition sequence whose mesh tends to zero, which 
says nothing on a given trajectory SE Z’, and on the given partition sequence LC In other 
words, Follmer’s version of Ito’s lemma, applied to a given SE Z’, and a given partition 
sequence, does not follow from the probabilistic Ito’s lemma applied to a geometric Brown- 
ian motion. 
While the conclusion in the first paragraph is essentially the same as under the traditional 
probabilistic approach, the advantage of the two-step breakup is that the results are in some 
respect more general, as Proposition 1 from the first step is meaningful by itself, before any 
probabilistic assumption. In the second step only an assumption on the quadratic variation 
is needed, not on the process itself. We believe that our approach is also intuitive and 
insightful. For example, here is an explanation why the drift parameter p of the geometric 
Brownian motion does not appear in the B-S formula, while the diffusion parameter adoes: 
this is because (T is translated to a property of the path (the quadratic variation) while the 
drift represents an average across trajectories. 
To sum up, there is a subtle difference between the results of our ‘two-step methodology’ 
and the stochastic-integration-based traditional approach: On one hand, the stochastic inte- 
gral, which represents the gain from trade at the terminal date under the traditional approach, 
does not depend on the partition sequence. On the other hand, this integral is a random 
variable which does not have a path-by-path interpretation. It may be a matter of taste (and 
perhaps of future usefulness) which feature is more attractive. 
“’ In order to embed the more general case from Proposition 3 in a probabilistic setting, assume that the price 
dynamics is described by the stochastic differential equation dS,= a(t, S,) dr+ p(t, S,) dW,, where ( W,) is a 
standard Wiener process and N and p are suitably well-behaved functions. 
” See, e.g., Freedman ( 1970. Section I .4) or Durrett ( 1984. Section I. I ). 
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Finally, let us comment briefly on a direction that was not pursued far in the paper - how 
to deal with trading strategies which depend not only on the ‘current’ time and stock price 
but on the whole ‘history’ (see Example 2). One may wonder if the results in Section 6 
can be generalized to this case. Instead of providing an answer to this problem, we point 
out an interesting and intriguing similarity (at least in the case of the Wiener process) 
between Ito’s formula (which involves first and second order partial derivatives of a smooth 
function) and Clark’s formula (which employs derivatives of the Malliavin type of smooth 
Wiener functionals; see Clark, 1970; Haussmann, 1979; Ocone, 1984; Ocone and Karatzas, 
199 1) . A further study of this relationship in the context of path-by-path dynamic spanning 
could prove useful for extending the results of this paper to the case of path-dependent 
trading strategies. 
8. Summary 
The paper gives meaning to the concepts of trading strategy and its associated portfolio’s 
value in a continuous-time non-probabilistic setting. The portfolio’s value is calculated 
solely by Real Analysis techniques, and replication results are then meaningful path-by- 
path. Aside from some subtle differences, this translates to the known replication results if 
additional probabilistic structure is conjectured. 
Appendix 
This appendix summarizes some mathematical results regarding functions with bounded 
quadratic variation. Let n= (n-,,] be a partition sequence of [ 0, T] whose mesh tends to 
zero 32 which will be fixed in what follows (hence 17 will not be included in the notation 
and the qualification “with respect o U” will occasionally be omitted). The partition points 
of n,, will be denoted by 0 = ri < r’r’ < T; < ..’ < $,, j = T. It will be also convenient to use 
the convention r;(n) + , = T. Suppose S: [ 0, T] + R is a RCLL (right continuous with left 
limits) function. S( t- ) denotes the limits of S(U) as u + t from below and 
A,S( t) = S(t) - S( t - ) is the jump at t. Informally, the quadratic variation of S (with respect 
to m on [ 0, t] is defined (if the limit exists) as 
rn,,,) ~ I 
Q(r;S,n>=hm C [S(7;1+,At)-SS(~jnAtt)]~ 
n + = ,, = 0 
=lim C [S(T;~+,)-S($)]*, 
,I - = <<r 
(A.1) 
where a A b = min(a, b) and the second equality follows from the fact that S( . ) is RCLL. 
In analogy to the stochastic processes literature “, we may then define the square brackets 
” See footnote 8. 
” See, e.g., Protter ( 1990, p. 59) 
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of S by [S, S],= S’(O) + Q( t; S, II). (Throughout the paper we use the notation 
S2( t) = (S(t) )2.) The constant S2( 0) which distinguishes [S, S], from Q( t; S, II) is only 
a matter of normalization and does not affect the results. 
More exactly, let E’ denote the continuous functions from [ 0, T] to 5%. Following Follmer 
( 198 1) with some modifications 14, consider the measures (defined on Bore1 sets in 
[O, Tl) 
$5 = c rs(T:+,) -s(qlWq , (A.21 
j=O 
where S(t) = 6, is the point measure at t. We will say that S is of bounded quadratic variation 
(with respect to II) if 
(i) (5,) converges weakly to a finite measure 5 on [ 0, T] , i.e., if for allfe %?‘, 
=I f(t) d&(t) - s ,o,T, f(t) G(t) ; (A.3) IO.Tl n--r= 
and 
(ii) [S,Sl,=[S,SlF+ C [AS(t>12, (A.4) 
I( G f 
where [S, S] f 3 S2( 0) + & [ 0, t] ), and a c-superscript denotes its continuous part (as a 
function of t) 
The measure 5 is then called the quadratic L:ariation of S (with respect to n>, and 
& [ 0, t] ) is called the quadratic cariation of S on [ 0, t] . In this case we have 
g(t- > S(t- 1) d[S, Sl, 
= lim C g(rT, S(r;))[S(r;+,) -S(T;)]~, 
,1-z ,#’ , <T 
(A.51 
where g : [ 0, T] X J + R is any continuous function and J is an interval containing the range 
of S. (This is a slight modification of (9) in Follmer ( 198 1) .) The case g = 1 gives, of 
course, (A. 1) . 
If S is continuous and has bounded (absolute) variation then it has zero quadratic variation 
for an arbitrary partition sequence Dwhose mesh tends to zero, but otherwise the dependence 
on n is crucial. Freedman ( 1970, p. 47) provides an example that for any continuous 
function on a compact interval there exists a partition sequence with respect to which the 
quadratic variation is zero. 
Suppose S: [0, T] + 58 is RCLL with bounded quadratic variation. In the body of the 
paper we use the following facts, whose proofs will be omitted: 
(I) If S is continuous (hence uniformly continuous), then the right-hand side of (AS) 
can also be written as 
X4 In his case S is defined on [O, m) 
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,f”” c g(7jn,s(T:))[s(7jn)-s(7J1_,)]2. 
7:ECO.T) 
(II) If [S, S],=S2(0) +/hg’(u) du Vrfor someg=%?, then 
I 
f 
VtE LO, Tl,.f~~ > f(u) d[S, Sl, = 
[oxI I 
,JG&*W du. (‘4.6) 
(III) If H(t) =F(S(t)) where F:R + [w has a continuous derivative F’, then H has 
bounded quadratic variation. If, further, SE %?‘, then 
f(u) d[H, HI, = (A.7) 
The following result, which is the main tool in Section 6, is an analytic (non-probabilistic) 
version of Ito’s lemma. This is a reformulation of the n-dimensional Ito’s lemma in Follmer 
( 198 1) , modified here to the case of a compact domain. 
Theorem. Suppose S : [ 0, T] -+ .I (where Jc [w is an internal) is RCLL and with bounded 
quadratic uariation. Suppose F: [ 0, T] X J -+ Iw is twice continuously differentiable 
(i.e., of class ‘@) on [0, T) XJ and F( . , X) is continuous at T for all x. Denote 
F,(t, x)s(?)/&~)F(t, x), F,(t-, S(t-)) -lim,,,F,(u, S(u)) etc. 35. Then for all 7~ 
10, T), 
F(T, S(7)) =F(O, S(0)) + S(u)) du+ S(u-)) dS(u) 
+$ I F,(u- , S(u- 1) d[& Sl, CO.71 
+ C {F(u, S(u)) -F(u-, St u-)) -F,(u-, S(u-))AS(u) 
where 36 
I 
‘Fx(u-, S(u-)) dS(u) 
0 
= lim C F,(G-;2, s(7;1))[s(7;2+,)-s(7;)1. 
n-m $<T 
(A.9) 
This is also valid for r= T, prot,ided that limits F( T- , S( T- ) ), F,( T - S(T- )), 
” For f < T we have F x (t - , S( f - ) ) = F,(r, S( t- ) ), where the right-hand side is F,( f, x) evaluated at 
x = S( ?- ). This need not hold at T. 
16 Note that in this limit it is important that the integrand is evaluated at the left endpoint of each subinterval, 
not at an arbitrary interim point. 
” To see this, apply the dominated convergence theorem to the two situations l,,,,_ <(,,, *h--f l,,,,, *h and 
1 ,,.,+.,,,~h-,l,,,,,~h,wherea,,~Oandinourcaseh(u)=F,,(u-,S(u-:). 
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F,(T-, S(T-)), F,(T-, S(T-11, F,,JT-, S(T-1) andF,,(T-, S(T-1) existand 
arefinite. q 
Remark. The theorem is probably correct under weaker assumptions on the smoothness of 
F. The advantage of the above formulation is that it does not require a separate proof. 
In the body of the paper we also need the following result: 
Corollary. Under the assumptions of the Theorem, jGF,( u - , S( u - ) ) dS( u) is a RCLL 
function of TE (0, T] , its jump at r is F,( r- , S( r- ) ) AS( T) and the limit qf the integral 
as 7’ 0 is zero. 
Proof. The function of T defined by the summation C, G .{. . . } in (A.8) is clearly RCLL, 
and its jump at T is 
F(7, S(T)) -F(T-, S(7-)))-Fx(~-, S(T-))AS(T) 
-iFxx(~-, S(T-))[AS(T)]*. 
The first integral in (A.8) is a Riemann integral which is continuous in T. The third integral 
in (A.8) is a Lebesgue integral, hence it is a RCLL function of 7, where the left limit at T 
is simply the integral on (0, T) ". Thus its jump at T is equal to Ir TJ F,.,( u - , S( II - ) ) 
d[ S, S] ,, and in light of (A.4) this is F,,( T- , S( T- ) ) [AS( 7) ] ‘. Concluding the argument 
is straightforward. 0 
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